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Abstract
In this work, the exact solutions for combined KdV-mKdV generalized equation as a linear
superposition of Jacobi elliptic functions, cn(ξ,m), dn(ξ,m). When m is set to one, the solution
matches with well-known hyperbolic solutions of generalized combined KdV-mKdV equation.
Similar solution is also derived for the case for time dependent co-efficient. In the latter case
the velocity term become time dependent.
1. Introduction
The study of nonlinear evolution equations, es-
pecially the search for its explicit exact solu-
tion, plays an important role in soliton theory.
In recent years, various effective methods have
been introduced, such as Jacobi elliptic function
expansion method [[1, 2]], Darboux transfor-
mation [[5]], Backlund transformation [[3]], ex-
tended sine-cosine method [[6]], extended tahh-
function mentod [[4]] etc. This methods have
been extensively used in solving different soli-
ton equations.
KdV-mKdV equation is one of the most
popular equation in soliton physics and appear
in many practical scenarios like thermal pulse,
wave propagation of bound particle[[7, 8]] etc.
The generalized combined KdV-mKdV equa-
tion is given by,
ut + auux + bu
2ux + duxxx = 0 (1)
Where a, b, d are constants. Due to the im-
mense uses in practical purposes and popular-
ity in soliton physics this generalized equation is
being thoroughly studied and several exact so-
lutions has been proposed for this equation [[9]
- [13]]. This paper discusses a new class of solu-
tion of generalized combined KdV-mKdV equa-
tion in terms of linear combination of Jacobi el-
liptic functions. For the same of completeness,
the next section gives a brief description of Ja-
cobi elliptic method. In the next section, this
method is applied to find out a special class of
solution of the eq. 1. Fourth section discusses a
case, where coefficient of ut is time dependent.
2. A Generalized Approach based on Jacobi
Elliptic Function
Consider a nonlinear Ordinary differential
equation,
F (u, ux, uxx, . . .) = 0 (2)
Now let us assume a polynomial solution of
this problem in terms of new variable y(x) in
the following form,
u(x) =
n∑
i=1
yi−1(Ai
√
1− y2+Bi
√
1−my2)+A0
Where y(x) follows certain differential equa-
tion, in our case it follows Jacobi elliptic algebra
where y(x) is idenfied as sn(x,m) and follows the
differential equation as written below,
y′(x) =
√
1− y2
√
1−my2 (3)
So our proposed solution can be rewritten as,
u(x) =
n∑
i=1
sn(x,m)i−1(Aicn(x,m)
+Bidn(x,m)) +A0 (4)
Now, inserting this solution to eq.
2 gives a power series in terms of
sn(x,m),cn(x,m),dn(x,m). From linear inde-
pendence we will set coefficient of each term to
zero. This will result in a set of overdetermined
nonlinear equations. If after solving them we
get a nontrivial values for (Ai, Bi) then we will
demand an exact solution to the ODE equation.
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3. New Solitary Wave Solution of
KdV-mKdV Equation
The previous section discusses an approach to
solve a nonlinear ODE. Eq. 1, however, is a
partial differential equation. Now, in eq. 1 if
one set b = 0 (or a = 0) the equation will be
transformed to KdV(or mKdV) equation. In
either cases the solution are well studied and
they are function of (x − vt). Where v is the
velocity. Here in general case let us assume as-
sume a soultion as a function of (x − vt). Now
let us redefine x = (x− vt), and rewrite the eq.
1 as follows,
− vu′ + auu′ + bu2u′ + du′′′ = 0 (5)
Where u′ denotes total derivative w.r.t. new x.
This equation looks like, eq.2. We will take the
first order term as the ansatz in this equation,
i.e,
u(x) = Acn(x,m) +Bdn(x,m) +D (6)
Where the constant term A0 is relabeled as D.
Using this ansatz in the eq. 1 we get seven al-
gebraic equations to solve.
a+ 2bD+ am+ 2bDm = 0 (7)
a+ 2bD = 0 (8)
2A2bB +A2bBm+ bB3m− 4Bdm+ aBDm+ bBD2m−Bdm2 −Bmv = 0 (9)
3A2b+ bB2m− 6dm = 0 (10)
A2b+ bB2 − d+ aD + bD2 + 2bB2m− 4dm− v = 0 (11)
A2b+ 3bB2m− 6dm = 0 (12)
aA2 + 2A2bD + aB2m+ 2bB2Dm = 0 (13)
Solving eq. 7-13 we get,
v =
2bd(1 +m)− a2
4b
, D = − a
2b
(14)
A = ±
√
3dm
2b
, B = ±
√
3d
2b
(15)
When a = 0 and m = 1 we will retrieve the
well known sech solution of mKdV equation.In
order to have a real solutionm must be positive
and b, d must have same sign. Sign of a does
not effect velocity or the coefficient of cn(x,m)
and dn(x,m) but changes the base correction
constant, D. The explicit solution of the eq. 1
will be,
±
√
3d
2b
(
√
mcn(x− vt,m)± dn(x− vt,m))− a
2b
i.e, dpending on ± sign the solutions can be
separated into four different classes,
AB > 0, D < 0 (a, b same sign) (16)
AB > 0, D > 0 (a, b different sign) (17)
AB < 0, D < 0 (a, b same sign) (18)
AB < 0, D > 0 (a, b different sign) (19)
4. KdV-mKdV Equation with
Time-dependent Coefficient
Last section shows, there is a solution of com-
bined KdV-mKdV equation if the coefficient of
u2ux and uxxx has same sign. Now, let us dis-
cuss the case where co-efficient of ut is time de-
pendent. With time dependent co-efficient eq.
1 will look like,
f(t)ut + auux + bu
2ux + duxxx = 0 (20)
Function f(t) can be any arbitrary nonvanish-
ing function of time. Let us multiply eq. 20
by h(t). Where, h(t)f(t) = 1. Now the eq.
20 looks exactly like eq. 1, except coefficient
of the space derivative terms are multiplied by
h(t). Let us look into this equation with the
following ansatz,
u(x, t) = A(t)cn(ξ(x, t)) +B(t)dn(ξ(x, t)) +D(t)
(21)
Where ξ(x, t) = x−v(t)t. With this ansatz, the
time derivative part gives some extra contribu-
tions.
ut = Atcn(ξ(x, t)) +Btdn(ξ(x, t)) +Dt −
(A(t)cn′(ξ(x, t)) +B(t)dn′(ξ(x, t)))(v(t) + vtt)
2
Where cn′, dn′ denote derivatives of cn, dn with
respect to ξ. Terms consisting of space deriva-
tive will be same as the previous case. Hence,
we will get the following ordinary differential
equation.
−(v+vtt)u′+h(t)(auu′+bu2u′+du′′′) = U(x, t)
(22)
Where,
U(x, t) = Atcn(ξ(x, t)) +Btdn(ξ(x, t)) +Dt
(23)
Now, we get following equations,
At = 0, Bt = 0, Dt = 0 (24)
a+ 2bD+ am+ 2bDm = 0 (25)
a+ 2bD = 0 (26)
h(t)(2A2bB +A2bBm+ bB3m− 4Bdm+ aBDm+ bBD2m−Bdm2)−Bm(v + vtt = 0 (27)
3A2b+ bB2m− 6dm = 0 (28)
h(t)(A2b+ bB2 − d+ aD + bD2 + 2bB2m− 4dm)− (v + vtt) = 0 (29)
A2b+ 3bB2m− 6dm = 0 (30)
aA2 + 2A2bD + aB2m+ 2bB2Dm = 0 (31)
From the first set of equations imply A,B,D
are constants. Which is consistent with the rest
of the equations. Soving those equations will
gives them to be same as the time independent
case.
A = ±
√
3dm
2b
, B = ±
√
3d
2b
, D = − a
2b
(32)
Again, real soultions will exist if b and d has
same sign. In this case also one gets different
classes of solutions depending on sign of a and
b. However, the velocity term is no longer con-
stant in this case. It is given by,
v =
2bd(1 +m)− a2
4b
e−t
(∫
t dses
f(s)
+v0
)
(33)
v0 is an arbitrary constant, determined by the
boundary condition.
5. Conclusion
Jacobi elliptic function expansion method is im-
plemented to find four new classes of solitary
wave solution of general KdV-mKdV equation
for both constant and time dependent coeffi-
cient cases. The solutions are just linear com-
bination of Jacobi elliptic funtion and has not
reported before according to the best of the au-
thor’s knowledge.
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